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Triple point fermions are elusive electronic excitations that generalize Dirac and Weyl modes be-
yond the conventional high energy paradigm. Yet, finding real materials naturally hosting these ex-
citations at the Fermi energy has remained challenging. Here we show that twisted bilayer graphene
is a versatile platform to realize robust triple point fermions in two dimensions. In particular, we
establish that the introduction of localized impurities lifts one of the two degenerate Dirac cones,
yielding triple point fermions at charge neutrality. Furthermore, we show that the valley polarization
is preserved for certain impurity locations in the moire supercell for both weak and strong impurity
potentials. We finally show that in the presence of interactions, a symmetry broken state with
local magnetization can develop out of the triple point bands, which can be selectively controlled
by electrostatic gating. Our results put forward twisted bilayer graphene as a simple solid-state
platform to realize triple point fermions at charge neutrality, and demonstrate the non-trivial role
of impurities in moire systems.
I. INTRODUCTION
Topological semimetals have attracted a lot of at-
tention in the past years, as they provide solid-state
platforms to realize analogs of relativistic particles1,2,
namely Dirac and Weyl fermions3, whose spinorial form
stems from Lorentz invariance. However, space group
symmetries in materials provide an even more versatile
playground, as they impose only a subset of the sym-
metries inflicted by Lorentz invariance, enabling novel
types of effective particles to emerge beyond the con-
ventional high energy paradigm4–19. Among these pos-
sibilities, triple point fermions4,5,20–28 are exotic excita-
tions displaying unusual magneto-transport phenomena
including large negative magneto-resistance and helical
anomaly29–31, in constrast to the chiral anomaly observed
in Weyl semimetals3. From the material science point
of view, recent proposals suggest the presence of triple
point fermions away from the Fermi energy in Heusler
compounds20,32. Experimentally, angle-resolved photoe-
mission spectroscopy (ARPES) measurements have ob-
served triple point fermions13,14,18, but only weak signa-
tures of the expected exotic transport phenomena could
be observed given the distance of the triple points to
the Fermi level22,30. Thus, materials displaying robust
triple point fermions at the Fermi energy have remained
elusive, frustrating the experimental exploration of their
associated exotic properties.
Graphene is known for being an extremely clean plat-
form to explore Dirac fermion phenomena, with two spin
degenerate Dirac cones at each K point33. Engineering
triple point fermions out of graphene by lifting the degen-
eracy of the Dirac points would require eliminating key
symmetries, which usually leads to a shift of the cones
or to a gapped spectrum. Introducing an additional level
of complexity, graphene multilayers have the potential to
enlarge the degeneracy of the Dirac cones, providing new
FIG. 1. (a) Perspective view of twisted bilayer graphene,
highlighting the electronic density concentrated in the AA
regions (yellow blobs), the AB/BA regions (orange/blue tri-
angles), and the moire length LM . (b) Brillouin zones for the
first (pink) and second (green) layer, and the emergent moire-
Brillouin zone (black), with the respective K and K′ points.
(c) Sketch of the effects of a weak impurity and a vacancy on
the degenerate low energy Dirac cones, with the generation
of a triple point at the Fermi level.
routes for degeneracy lifting. Among them, twisted bi-
layer graphene (TBG) (Fig. 1(a)) is an especially promis-
ing candidate for displaying a band structure with four-
fold degenerate Dirac cones in the reduced Brillouin zone
(Fig. 1(b) and (c))34–36, providing a potential direction
for the engineering of triple points by the controlled re-
duction of symmetries.
Here we show that impurities in TBG create robust
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2triple point fermions. This unexpected feature stems
from the interplay of the Dirac point degeneracy and the
local nature of the impurity, which gives rise to mass
generation in one of the Dirac cones, creating a triple
point at charge neutrality independently of the strength
and location of the impurity. Furthermore, we show that
the valley polarization of the triple point can be con-
trolled by the location of the impurities in the moire su-
percell. The manuscript is organized as follows: in Sec. II
we introduce the tight binding model for twisted bilayer
graphene, as well as a procedure to compute the expec-
tation value of the valley operator in real space. In Sec.
III, we numerically show the presence of triple points
for weak impurities and provide a low energy effective
model which accounts for the triple point formation and
discuss its robustness. We examine the vacancy limit, in
Sec.IV. In Sec. V, we evaluate the effect of interactions
in this triple point system, showing that electronic dop-
ing allows one to selectively control the symmetry broken
phases. Finally, in Sec. VI we summarize our results and
conclusions.
II. TIGHT BINDING MODEL FOR TWISTED
BILAYER GRAPHENE WITH LOCAL
IMPURITIES
Here we focus on TBG superlattices with long moire
wavelength, i.e. small twisting angles α (see Fig. 1 (a)),
but we would like to highlight that the presence of the
triple point is independent of the magnitude of the twist
angle, as discussed in detail in Appendix A. In the small
angle regime, the low energy model consists of two sets of
honeycomb-like bands with strongly renormalized Fermi
velocity, which vanishes at the magic angle α ≈ 1◦37,38.
We model TBG in the presence of impurities by the real
space Hamiltonian of the form:
H = H0 +W, (1)
where H0 encodes the pristine TBG tight binding
Hamiltonian39:
H0 = t
∑
〈i,j〉
c†i cj +
∑
i,j
t¯⊥(ri, rj)c
†
i cj , (2)
and W describes a local impurity at site n
W = wc†ncn, (3)
where c†i (ci) is the fermionic creation (annihilation) oper-
ator at site i, w is the impurity potential strength, t is the
nearest neighbor hopping, 〈i, j〉 indicates the sum over
first neighbors, and t¯⊥(ri, rj) is the distance-dependent
interlayer coupling taking a maximum value t⊥ for per-
fect stacking40. As a reference, the values of the parame-
ters in graphene are t ≈ 3 eV and t⊥ ≈ 300 meV41. The
previous Hamiltonian is defined in a moire unit cell with
N = 4(3m20 + 3m0 + 1) sites, with m0 an integer, and
the magic angle regime is reached for t⊥/(tm0) ≈ 0.025.
FIG. 2. (a) Band structure of twisted bilayer graphene with
α = 1.5◦ in the presence of a weak impurity in the AB region.
(b) A zoom at the K point, showing the valley polarization
〈V〉Ψ of each state (color gradient) and the emergence of a
gap of magnitude Λ. (c) Map of the splitting Λ as a function
of the impurity position. (d) Map of the valley polarization
of ΨΛ at the K point, as a function of the impurity position.
Here we took m0 = 11, t⊥ = 0.3t and w = 0.5t.
For the sake of simplicity here we omit the spin degree
of freedom. It should be understood that for the spinful
scenario the triple-point degeneracy is in fact six-fold.
In the absence of impurities, w = 0, the low energy
spectra of the previous Hamiltonian consists of two Dirac
cones at K and other two at K ′35–38,42. This degeneracy
can be understood by the folding of the cone at K1 from
layer 1 and K ′2 from layer 2 at the same K point in the
moire Brillouin zone, as can be seen from Fig. 1 (b). Due
to the approximate valley symmetry of the low energy
graphene Hamiltonian, the states associated with each
decoupled layer ` in TBG can be labeled by their valley
number V`. In a real space tight-binding formalism, such
valley flavor can be computed using the valley operator:
V` = i
3
√
3
∑
〈〈i,j〉〉∈`
ηijσ
ij
z c
†
i cj , (4)
where 〈〈i, j〉〉 denotes second neighbor sites, ηij = ±1
is for clockwise or anticlockwise hopping, and σijz is a
Pauli matrix associated with the sublattice degree of
freedom43,44. The interlayer hopping couples opposite
valleys between the two layers, giving rise to a new quan-
tum number V = V1 − V2, which is conserved in the ab-
sence of impurities. The addition of impurities generally
introduces inter-valley scattering, and therefore it is in-
teresting to track the valley polarization of the states.
3III. WEAK IMPURITY LIMIT
We first consider the case of a weak impurity in twisted
bilayer graphene. When the local impurity potential is
turned on, w 6= 0, the four-fold degeneracy of the states
at K and K ′ is lifted, giving rise to triple points at the
Fermi level, as shown in Fig. 2 (a) and (b), independently
of the position of the impurity in the moire pattern. The
location of the impurity controls the splitting Λ between
the triple point and the higher lying state ΨΛ. In par-
ticular, Fig. 2 (c) shows that impurities located in the
AA regions create larger splittings. This can be under-
stood from the larger amplitude of the wave functions
in these regions35–38,42,45, as schematically shown in Fig.
1(a). Interestingly, although a local impurity would be
expected to give rise to inter-valley mixing between the
degenerate Dirac points, we observe that the states as-
sociated with the triple point and ΨΛ remain valley po-
larized for impurities located in the AB/BA regions, as
shown in Fig. 2 (d).
A. Low energy effective model
The robustness of the triple point is guaranteed by
the effective valley quantum number and the properties
of the emergent orbitals at low energies. It can be un-
derstood from the consideration of the band degener-
acy of pristine TBG. The band structure is displayed
in Fig. 3 (a), with two double degenerate bands cross-
ing the Fermi level in the Γ − K −M direction46. We
can label the eigenstates associated with the branches
E1k as Ψ1k and Ψ1¯k, and the other two associated with
E2k = −E1k as Ψ2k and Ψ2¯k. These wave functions
have weight in all microscopic degrees of freedom, layer
and sublattice, such that these are expected to have a
finite amplitude at a generic impurity site. Focusing on
the first degenerate set, an impurity introduces a cou-
pling between the eigenstates of pristine TBG such that
the Hamiltonian in the eigenbasis (Ψ1k,Ψ1¯k) can be writ-
ten as H1(k) =
(
E1k + v1
√
v1¯v1√
v1¯v1 E1k + v1¯
)
, where v1 and v1¯
stand for the coupling of the impurity to the respective
state, vi = w|Ψik(rn)|2. This eigenproblem has solu-
tion φ1k with E1k and φ1¯k with E1k + v1 + v1¯. Note
that φ1k remains at its original energy, indicating that it
has zero amplitude at the impurity site and is therefore
blind to its presence, while φ1¯k couples to the impurity
and is shifted in energy. An analogous construction can
be made for states Ψ2k and Ψ2¯k, such that in the ap-
propriate combination, one of the states decouples from
the impurity site, such that φ1k and φ2k give rise to two
bands which do not change in presence of the impurity.
We now focus on the K point, at which all low lying
bands become degenerate. At this point, we can choose
to write the eigenstates in a basis which is valley po-
larized. From the numerical analysis, we infer that this
basis can, in fact, be written as Ψ† = (φ†
1¯k
, φ†1k, φ
†
2k, φ
†
2¯k
),
FIG. 3. Band structure of pristine twisted bilayer graphene
at α = 1.5◦, and (b) local density of states at charge neutrality
E = 0. (c) Band structure with a single impurity per moire
supercell, together with the (d) local density of states, show-
ing the emergence of zero modes around the impurity. (e)
Band structure for a single vacancy in a 2× 2 supercell, and
(f) spatial density of states. We took m0 = 22 and t⊥ = 0.15t
for all panels.
in terms of the eigenstates discussed in the previous
paragraph. In this basis the valley operator yields
V = diag(+1,+1,−1,−1), and the effective Hamiltonian
around the K point is of the form:
Heff (K + k) =

Λ1 k¯ 0
√
Λ1Λ2
k¯∗ 0 0 0
0 0 0 k¯∗√
Λ1Λ2 0 k¯ Λ2
 (5)
where k¯ = v¯F (kx + iky), v¯F is the renormalized Fermi
velocity, and Λi = vi + vi¯. The effective Hamiltonian
at K ′ follows from time reversal symmetry. In the ab-
sence of impurities, Λ1,2 = 0, the doubly degenerate
Dirac dispersion is found. In the presence of an impurity,
Λ1,2 6= 0, the effective Hamiltonian has eigenvalues ±|k¯|
and 12 (Λ±
√
4|k¯|2 + Λ2), where Λ = Λ1 + Λ2. Note that
at the K point (k¯ = 0) the eigenvalues are {0, 0, 0,Λ},
4making the triple point explicit and associating the split-
ting to the magnitude of the impurity potential as Λ ∼ w.
In this generic scenario, states with different valley num-
ber are mixed. Note that in the case Λ1 6= 0 and Λ2 = 0,
a triple point emerges with well defined valley number,
since [V, Heff ] = 0, as shown in Fig. 2 (b), which hap-
pens for impurities in the AB/BA regions, as mapped in
Fig. 2 (d). This valley polarization for impurities in the
AB/BA regions can be inferred from the properties of
the Wannier wave functions in real space, as shown, for
example, in Ref. 35.
IV. THE VACANCY LIMIT
We now move on to consider the case of vacancy
effects47–55, namely, w → ∞. This limit is especially
attractive because it can be achieved by adsorbed hy-
drogen atoms56. Recent experiments have shown that
it is possible to manipulate57 and even automatize the
manipulation58 of hydrogen atoms with atomic preci-
sion by scanning tunneling microscope. A vacancy in
monolayer graphene is known to give rise to a zero mode
at charge neutrality, according to Lieb’s theorem59. In
TBG, this zero mode will, however, coexist in energy
with the nearly flat honeycomb-like bands of Fig. 3 (a)
and (b), and therefore it is expected to heavily hybridize
with them. Interestingly, as shown in Fig. 3 (c), the
hybridization of the vacancy mode with the honeycomb-
like bands lifts one of the Dirac cones and generates a flat
band. Moreover, even though vacancies are expected to
create strong inter-valley scattering, we find that the re-
maining Dirac cones are perfectly valley polarized when
the vacancy is located at the AB/BA regions, see Fig. 3
(c) and (d) and Fig. 3 (e) and (f), similarly to the weak
impurity scenario above. The weak and strong potential
limits can actually be continuously connected by ramp-
ing up the parameter w. In this process, it is observed
that the K point always displays a triple point, two of
the bands remain rigid, and the quadratic band pinned to
the Fermi level evolves smoothly towards a flat band. As
the potential is increased, part of the electronic density
drifts from the AA regions to the location of the impu-
rity. This phenomenology is observed to be independent
of the density of vacancies per unit cell, as shown in the
calculation for a 2x2 supercell in Fig. 3 (e) and (f)60.
V. INTERACTION EFFECTS
It is important to note that this discussion relied on
a single particle picture. However, the large density of
states associated with these nearly flat bands suggests
that, at low temperatures, a symmetry broken state de-
velops due to interactions36,61–64. To account for the ef-
fect of electronic interactions, we make explicit the spin
degree of freedom in Eq. 1 and introduce an interac-
tion term of the form HU = U
∑
i ni↑ni↓, where niσ
FIG. 4. Self-consistent band structure after including
interactions for (a) charge neutral pristine twisted bilayer
graphene, together with its (b) ground state magnetization.
Self-consistent band structure of (c) twisted bilayer graphene
with a single vacancy in the AB region, together with its (d)
ground state magnetization. (e) The band structure and (f)
magnetization with a filling of four electrons per unit cell with
respect to charge neutrality. Note the different maximum val-
ues in (d) and (f) and their inset. We took m0 = 11, t⊥ = 0.3t
and U = 2t for all panels.
counts the number of electrons with spin σ = {↑, ↓}
at site i45,61,65,66. We use a mean field ansatz of the
form HU ≈ U
∑
i〈ni↑〉ni↓+ni↑〈ni↓〉−〈ni↑〉〈ni↓〉, with the
expectation values determined self-consistently, allowing
for a local ground state magnetization mzi = 〈ni↑〉−〈ni↓〉.
For pristine TBG at half filling, Figs. 4 (a) and (b) show
that interactions drive the system into an insulating state
with antiferromagnetic order in the AA regions45,61,67,68.
A more interesting scenario takes place in the pres-
ence of a vacancy in an AB region of TBG, in which
case electronic interactions create a localized magnetic
moment47–54. As shown in Figs. 4 (c) and (d), the im-
purity state is not detrimental to the opening of a gap
and the associated antiferromagnetic ordering of the AA
regions, even though the magnetization associated with
the impurity states is one order of magnitude larger than
the staggered magnetization in the AA regions (see in-
5set). As a result of the weak antiferromagnetism in the
AA regions, doping quenches the antiferromagnetic or-
der, while the magnetization around the vacancy sur-
vives. This can be clearly seen in Figs. 4 (e) and (f),
where we consider a doping of four extra electrons per
unit cell, which fills the low energy bands up to their edge.
In fact, this phenomenology holds up to chemical poten-
tials of the order of the exchange splitting ∼ 30 meV49,57,
much bigger than the ∼ 8 meV bandwidth of the nearly
flat bands35,36,38,42. As a result, at low temperatures,
these localized magnetic moments may coexist with other
phases found in the bilayer such as superconducting69,
strange metal phases70 or anomalous Hall states71.
In the case of larger angles, the Dirac cone states are
not expected to have an electronic instability due to their
substantial Fermi velocity. As a result, the ground state
at half filling will be defined by an instability driven only
by the impurity bands. These aspects are discussed in
detail in Appendix B.
VI. CONCLUSIONS
To summarize, we have established that impurities in
small-angle twisted bilayer graphene give rise to robust
triple point fermions at the charge neutrality point, inde-
pendently of the impurity potential and its location. We
have shown that the triple point modes can be valley po-
larized for defects located in the AB and BA regions, pro-
viding a route to engineer triple-point fermions with an
additional quantized degree of freedom. In the presence
of interactions, the triple points can be lifted by the de-
velopment of magnetic order, introducing the possibility
of engineering correlated states of triple point fermions
in twisted bilayer graphene. Our results put forward a
new mechanism to generate triple-points in graphene sys-
tems, providing a starting point to study their intrinsic
properties and interplay with additional emergent states
in twisted bilayers.
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FIG. 5. (a) Band structure of twisted bilayer graphene with
a vacancy in the AB region, for a a twisting angle of α ≈ 3◦
between the two layers. (b), (c) A zoom closer to the Fermi
energy of (a) the band structure, and (d) a zoom close to the
K point highlighting the triple crossing. We took m0 = 11
and t⊥ = 0.12t.
Appendix A: Triple points for larger twisting angles
Above we focused on a small twisting angle, α ≈ 1.5◦,
in which case the Dirac cones show a highly reduced
Fermi velocity. In this scenario, in the presence of a va-
cancy, the system presented two types of localized modes,
i.e., the vacancy mode and the nearly flat honeycomb
band, forming a triple point at K.
The emergence of a triple point is not a unique feature
of small angles. Here we show in Fig. 5 and 6 the band
structure for angle α ≈ 3◦ and α ≈ 9.5◦, respectively.
Both structures show the emergence of a flat band, with
a triple point crossing. In comparison with the case α ≈
1.5◦, the Dirac cones for larger angles show a much higher
Fermi velocity, a feature that does not affect the presence
of the triple point. In order to show the robustness of the
triple point within the tight-binding calculation, we also
show figures which zoom in energy and around the K
point for both angles.
Appendix B: Interaction effects for α ≈ 3◦
In the case of larger angles shown above, the Dirac cone
states are not expected to have an electronic instability
due to their substantial Fermi velocity. As a result, the
ground state at half filling will be defined by an instability
driven only by the impurity bands, different than the
one presented for α ≈ 1.5◦ in the main text, where both
flat Dirac cones and impurity bands contribute to the
6FIG. 6. (a) Band structure for twisted bilayer graphene
at an angle α ≈ 9.5◦ with one vacancy per moire unit cell,
showing the existence of triple point crossing even at large
angles (zoom in (b)). (c) Band structure for α ≈ 9.5◦, with
one vacancy for a 4x4 moire supercell, showing the persistence
of triple point crossings (zoom in (d)).
instability.
Here we focus on the vacancy case for α ≈ 3◦, which
presents a nearly flat band coexisting with a Dirac cone.
For larger angles the electronic instability only takes
place in the vacancy flat band, giving rise to a net mag-
netic moment of 1µB per unit cell as shown in Fig. 7. In
particular, we show in the different panels of Fig. 7 that
the electronic structure of the system is qualitatively sim-
ilar for the different values of U ranging from U = t to
U = 2t. It is particularly evident that the vacancy states
are highly polarized, while the Dirac cones are split and
shifted, what can only be clearly observed from Fig. 7
(f).
FIG. 7. Selfconsistent band structure for twisted bilayer
graphene with a vacancy in the AB region, for an angle
α ≈ 3◦, for (a) U = t, (c) U = 1.5t and (e) U = 2t , with
(b), (d), and (f) the respective zooms around the original
Dirac point. The higher interaction, the larger the exchange
splitting of the vacancy bands. The color red/blue denotes
the expectation value of Sz = ±1. We took m0 = 11 and
t⊥ = 0.12t for all panels.
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